Abstract: We discuss, and propose a solution for, a still unresolved problem regarding the breaking from N = 2 super-QCD to N = 1 super-QCD. A mass term W = µTr Φ 2 /2 for the adjoint field, which classically does the required breaking perfectly, quantum mechanically leads to a relevant operator that, in the infrared, makes the theory flow away from pure N = 1 SQCD. To avoid this problem, we first need to extend the theory from SU(n c ) to U(n c ). We then look for the quantum generalization of the condition W ′ (m) = 0, that is, the coincidence between a root of the derivative of the superpotential W (φ) and the mass m of the quarks. There are 2n c − n f of such points in the moduli space. We suggest that with an opportune choice of superpotential, that selects one of these coincidence vacua in the moduli space, it is possible to flow from N = 2 SQCD to N = 1 SQCD. Various arguments support this claim. In particular, we shall determine the exact location in the moduli space of these coincidence vacua and the precise factorization of the SW curve.
Introduction
In this paper, we want to discuss a problem of supersymmetry breaking, from N = 2 to N = 1. An issue, which is not completely understood in the literature, is how to flow from N = 2 super-QCD to pure N = 1 super-QCD [1] . We shall explain the problem, why it is still unresolved, and propose a solution for it. N = 1 super-QCD contains the gauge vector multiplet W α for the gauge group SU(n c ), and n f flavors of massless quarks Q in the fundamental representation and Q in the antifundamental representation. N = 2 super-QCD is an extension of the previous one. We must add a chiral adjoint multiplet Φ that together with W α forms a N = 2 gauge supermultiplet. The quarks Q and Q † fit together to form an N = 2 matter hypermultiplet. An opportune superpotential QΦQ should also be added.
At the classical level, both theories have a moduli space of vacua. The N = 2 moduli space is divided into two distinct parts: the Coulomb branch and the Higgs branch. On the Coulomb branch, φ = 0 and q, q = 0. The rank of the gauge group is preserved. On the Higgs branch, some of the quarks q's and q 's develop an expectation value. The Higgs branches develop out of various singular sub-manifolds of the Coulomb branch where the quarks become effectively massless. For what we are interested now, we can just consider the origin of the moduli space, φ = 0, q, q = 0, which is the meeting point between the Coulomb branch and the maximal Higgs branch.
The N = 1 moduli space is different. First of all, there is no Coulomb branch, since there is no φ. Second, the Higgs branch is bigger than the one of N = 2. Now only the D-term determines the expectation value of q and q. The F -term constraint= 0 is now absent.
The simplest way to break N = 2 supersymmetry, while preserving N = 1, is to add a mass term in the superpotential for the adjoint chiral field: µTr Φ 2 /2. The effect of this perturbation is to lift all the Coulomb branch except from the origin with its maximal Higgs branch attached. Another effect happens as µ becomes very, very large. The potential for the meson qq, coming from the F -term of N = 2, becomes more and more shallow and vanishes in the limit µ → ∞. In this limit, the full Higgs branch of N = 1 is thus recovered. The notion of origin of the moduli space does not exist anymore for the quantum version of SU(n c ) super-QCD. There are various points of maximal singularity labeled by an integer r that runs from n c = n f − n c to [n f /2] . Higgs branches of increasing size (quaternionic r(n f − r)) develop from these singularities.
Quantum mechanically, it is a completely different story. The metric of the Coulomb branch of N = 2 is modified, and the origin of the moduli space, strictly speaking, does not exist anymore. It is instead split in many different points out of which various Higgs branches develop ( Figure 2 ). These singularities are labeled by an integer r that runs from n c = n f − n c to [n f /2]. 1 Adding a mass perturbation µTr Φ 2 /2, we lift all the Coulomb branch with the exception of these singular points and their Higgs branches. Every one of these points gives a particular N = 1 theory, but none of them flows to pure N = 1 super-QCD in the µ → ∞ limit.
The mechanism to flow from N = 2 super-QCD to N = 1 super-QCD, which is very simple in classical theory, does not work in quantum theory. In this paper, we shall present a proposal to make this mechanism work. This will certainly open new possibilities in the study of the N = 1 dynamics and its rich dualities.
* * * The ideas we shall present originate, in part, from some recent developments in the theory of the Abelian and non-Abelian heterotic vortex-string. It is good to say a few words about this subject since it could help to understand better what follows.
U(n c ) N = 2 theories with quark hypermultiplets with mass m, can be put in a weak Higgs phase with a suitable Fayet-Iliopoulos (FI) term for the U(1) gauge field. This term does not break N = 2 supersymmetry; it only breaks the SU(2) R symmetry. There is a supersymmetric vacuum where φ = m, so that the quarks are effectively massless and can develop a condensate. At the Higgs breaking energy scale, the dynamics are essentially transferred to the 1 + 1 action of the non-Abelian vortex. Being the vortex half-BPS, the 1 + 1 effective action has N = (2, 2) supersymmetries on its worldsheet. The tension of the vortex is proportional to the central charge T = 4πξ, where ξ is the FI term.
A superpotential for the adjoint field Φ can be added in order to break supersymmetry down to N = 1, for example, the single trace of an holomorphic function W = Tr W (Φ). The vacuum structure is not changed, but now the string has tension 4π ξ 2 + |W ′ (m)| 2 and loses its BPS properties. W ′ (m) is the value of the superpotential evaluated at the mass of the quarks [6] .
Something very special happens when a zero of W ′ coincides with the mass m. In this case, the tension is back to the central charge T = 4πξ, and the vortex effective theory reacquires part of the supersymmetries. The vortex is half-BPS, and the worldsheet theory has a N = (2, 0) supersymmetries inherited by the bulk N = 1. Additional studies show that the strong dynamics on the 1 + 1 theory dynamically break supersymmetry [3, 4, 5] .
These studies, up to now, leave an unresolved important question: is the coincidence condition W ′ (m) = 0 quantum-mechanically meaningful? To explain the question better, let us call a one of the roots of W ′ . Classically we can choose to fine tune the parameters so that a is exactly equal to m. The non-trivial question is if this fine tuning is stable or not under quantum corrections. Note that both a and m are in general renormalized by instanton corrections. The quantum stability of this coincidence condition becomes a non-trivial question in the non-Abelian theory.
The heterotic string gives an ambiguous answer to these questions. On one hand, there is the enhancement of supersymmetry in the particular case a = m. Symmetry enhancement is in general what protects from quantum corrections. On the other hand, from the analysis of the strong dynamics of the worldsheet theory, we know that N = (2, 0) supersymmetry is dynamically broken. But this, for the present paper, is not our concern. * * * Now back to the main subject of the paper, the 4d dynamics without the FI term. The present paper originates from the question we previously asked, but for the present work, we shall restrict ourselves to the case of zero Fayet-Iliopoulos term. We thus want to answer these questions: 1) Is the coincidence condition W ′ (m) = 0 quantum-mechanically meaningful? 2) And if it is so, how to express this coincidence condition in the quantum setup?
We shall see that the solution of this coincidence problem will give us the right vacuum and superpotential to flow from N = 2 super-QCD to N = 1 super-QCD.
The previous digression about the heterotic vortex-string gives us the first clue on how to solve the problem. First of all, SU(n c ) is not the right environment in which to search; we should extend the theory to U(n c ). The only price we pay is the loss of asymptotic freedom for the global U(1). But this is not a big problem. We can always think that the theory is embedded in a bigger and finite theory (for example, a bigger SU(N c ) theory) that at a certain energy scale is broken to U(n c ).
The N = 2 U(n c ) has, with respect to SU(n c ), one more dimension in the Coulomb branch, namely the coordinate u 1 = Tr φ. We have already said that in the Coulomb branch of SU(n c ) there is no remnant of the classical origin of the moduli space. There are instead various points labeled by an integer r from n c to [n f /2]. Things are different extending the moduli space with one more dimension, Tr φ. It is in this bigger environment that we shall find the quantum analogs of the origin of the moduli space; actually we shall find 2n c − n f of them.
Our goal is now to find the quantum generalization of the coincidence points defined by W ′ (m) = 0. In other terms, when a root a of W ′ coincides with the mass of the quarks m. When a and m are generic, we have two kinds of vacua. One is a Coulomb vacuum, with φ = a, and the quark has effective mass a − m. The other is a Higgs vacuum where φ = m (color-flavor locking), and the quarks condense:= W ′ (m). In the case of coincidence, we have φ = m = a. The quarks are massless and do not condense.
Quantum mechanically, the quark condensate, in a generic r vacuum, is given by 2 [2]
Where the terms in the square root are given by the factorization of the Seiberg-Witten curve,
The case r = e nc is an exception to this rule. Here there is an extra massless particle, and the dual-quark can thus have zero condensate.
H(v) 2 is the polynomial containing the double roots corresponding to particles that become massless. The rest is contained in W ′ (z) 2 + f (z) where W is the classical superpotential and f (z) is the quantum modification. The effect of f (z) is to split the roots, otherwise doubled, of W ′ (z) 2 . For the vacua we are interested in, the r vacua, the superpotential has degree k = 2. So quantum mechanically the roots of W ′ (z) are split in two. To find a generalization of the coincidence points, we should take one of these zeros and, moving in the Tr φ direction, make it collide with the bunch of zeros at z = m corresponding to the quark singularity ( Figure 3 ).
Coincidence vacuum r vacuum Figure 3 : In a generic r vacuum (in the example we have the n c , n f = 6, 6 and r = 3), all the roots of the Seiberg-Witten curve are paired, apart from two of them. These two roots correspond to the polynomial W ′ (z) 2 + f (z) in the curve factorization. To obtain the coincidence point, we need to move one of these two unpaired roots and make it coincide with the bunch of roots at the quark mass. We can achieve this changing the value of the coordinate Tr φ in the moduli space. In Section 5, we shall find the precise factorization of the curve in these coincidence vacua.
Doing this, we get something else for free: all the r vacua go to the same coincidence points. This is one of the strongest indications that tells us that these 2n c − n f points are the quantum generalization of the origin of the moduli space in classical theory. Every r vacuum is a point in which the curve has a multiple root z 2r corresponding to massless quarks and all the other roots, except two, are doubled. We then change the Tr φ coordinate, keeping all the pairing of the roots, and we move until one of the unpaired roots collides with the bunch of quark zeros z 2r . We can do the same for all the r vacua. They all intersect in the coincidence points, and the Higgs branches are all included in the maximal one ( Figure 4 ). * * * We organize the paper as follows. In Section 2, we discuss the simple example of super-QED. Now there is no strong dynamics in the infrared, and everything works out smoothly. Figure 4 : Moving away from the Tr φ = 0 section of the moduli space, it is possible to make all the r vacua to collide in the coincidence points. The Higgs branch that emanates from these points is the maximal one, and all the other Higgs branches are incorporated into it. There are 2n c − n f of these points and are situated at Tr φ = (2n c − n f )Λe i2πk/(2nc−n f ) .
In Section 3, we introduce the non-Abelian U(n c ) theories. We provide the needed information for the rest of the paper. In Section 4 we describe the quantum coincidence in the first non-trivial examples, starting from 2 colors and 2 flavors. In Section 5, we describe the coincidence points in the general case. An explicit formula shall be found for them and for the superpotential that select them. In Section 6, we take a look from the MQCD perspective. We conclude in Section 7 with discussion about the renormalization group (RG) flow and summarize the arguments in favor of our claim.
Warm-up with the Abelian Theory
A good place to start, in explaining the notion of coincidence points, is the U(1) Abelian theory. We shall now introduce these three theories: N = 2 super-QED, broken N = 2 super-QED by a mass term, and pure N = 1 super-QED. These theories are infrared free, so there is no strong dynamics that could chance the classical vacuum structure and phases. The notion of coincidence point and its quantum stability are thus straightforward. The action for N = 2 super-QED, expressed in N = 1 superfields notation, is a sum of the Kahler term plus a superpotential term
where
The potential for the scalar fields is the sum of F terms and the D term
3)
The index i represents the flavor and runs from 1 to n f . The moduli space consists of a Coulomb branch and a Higgs branch. The Coulomb branch is parameterized by the expectation value of φ, and the quark condensate instead vanishes. When φ = m, the effective quark mass vanishes and a Higgs branch develops from the Coulomb one. The Higgs branch is a manifold parameterized by the following algebraic equations
For n f = 1 there is no Higgs branch. For greater n f , it is a manifold of complex dimension 2n f − 2. Higgs branches, in N = 2 theories, are conic hyper-Kahler manifolds (in N = 1 theories are only Kahler). Now we break N = 2 to N = 1 by means of the superpotential W (Φ) that is a holomorphic function of Φ
The potential for the scalar fields is now modified into
There are now two kinds of vacua. One is when the value of φ is equal to some zero of the derivative of the superpotential. We denote a j these roots so that W ′ (z) = k j=1 (z − a j ) where k + 1 is the degree of the superpotential. There are k vacua where φ = a i . These are Coulomb vacua because the expectation values of q and q are zero. Then there is a Higgs vacuum where φ is locked to the hypermultiplet mass m. Here q and q develop an expectation value
The number of vacua is thus k + 1. They all preserve supersymmetry. Things are different when one root of W ′ , say a 1 , is exactly equal to the hypermultiplet mass. From here on, we shall use the word coincidence to indicate this particular circumstance. In this coincidence case, we have only k vacua instead of k + 1. k − 1 of them are Coulomb vacua, and as before, they arise when φ = a j for j = 2, . . . k. The last vacuum is when φ = m = a 1 . It is a kind of hybrid between the Higgs and the Coulomb vacua previously described. The phase is Coulomb, because the expectation value of the quark condensate vanishes. But it is a Coulomb phase of a different nature from the previous one. In the previous case, the quark hypermultiplet was massive, with effective mass equal to a 1 − m. So at low energy we had only a gauge vector multiplet (and being U(1) the gauge coupling is finite and the theory is free). In the coincidence case, the effective quark mass is a 1 − m = 0, so at low energy the U(1) vector multiplet is coupled to a massless quark (and being U(1) the gauge coupling runs to zero in the infrared). Now what about the quantum stability? In principle, we can always tune the parameters of the bare Lagrangian so that we have a coincidence between the mass and a root of the superpotential. The question is if this tuning is stable or not under quantum corrections. Parameters in the superpotential, like the roots a j and the mass m, are subject to the non-renormalization theorem and thus unchanged by perturbative quantum correction. They could be modified by the non-perturbative dynamics (that will be the case in the following part of the paper), but for the Abelian case we do not have to worry about that. This implies the quantum stability of this coincidence.
We now consider the quadratic superpotential 8) so that the derivative is the linear polynomial W ′ (z) = 2µ(z − m), and we choose the root to coincide exactly with the quark mass. Integrating out the superfield Φ, we get 9) and the effective superpotential
The potential for the scalar fields is
With a gauge and flavor transformation, we can always bring a generic solution into the form
At this point, the potential for themeson field is
In the µ → ∞, we have an enhancement of the moduli space because the F term condition= 0 loses progressively its weight. The direction= 0, which is generically lifted by the potential (2.11), becomes more and more shallow and finally flat in the µ → ∞ limit. Note that at the origin of the Higgs branch (where it touches the Coulomb branch), the mesonis always massless, but thedirection is still lifted by the higher order potential quartic in the meson field. Pure N = 1 super-QED has the following Lagrangian 14) and the potential for the scalar fields is given just by the D term
With a gauge and flavor transformation, we can bring a solution into the form
So to summarize here what happens to the moduli space for various values of µ:
• The N = 2 theory (µ = 0) has a Coulomb branch with complex dimension, one parameterized by φ. A Higgs branch with complex dimension 2n f − 2 develops from the origin φ = 0.
• Switching on the mass µ, the Coulomb branch is lifted, and only the origin φ = 0 survives with its Higgs branch attached.
• In the µ → ∞ limit, the F φ condition= 0 is no more effective due to the 1/µ suppression. The Higgs branch is enhanced and becomes 2n f − 1 dimensional. We thus smoothly recover the moduli space of N = 1 SQED.
Non-Abelian Theory
The non-Abelian U(n c ) super QCD has the following action 3
where the superpotential is and m i are the masses for the flavors with the index i = 1, . . . , n f . The charges and symmetries of the fields are given in Table 1 . The gauge group is U(n c ) = SU(n c ) × U(1)/Z nc . At a very high energy scale, which we call Λ cutoff , the gauge couplings for the Abelian U(1) and for the non-Abelian SU(n c ) are the same. 4 Then the gauge couplings run in opposite directions. The non-Abelian running is given by
and becomes strong in the infrared. The U(1) R symmetry is anomalous and broken to Z 2nc−n f by instanton zero modes. This fact, as usual, can be elegantly incorporated giving a U(1) R charge to the dynamical scale Λ N = 2 as in Table 1 . We then break supersymmetry adding a superpotential W (Φ) for the adjoint field Φ. The superpotential term becomes
The adjoint scalar field φ, from the D term, is a n c × n c complex-hermitian matrix that can thus be diagonalized. The eigenvalues follow the same rule explained for the Abelian case.
In the supersymmetric vacua, the diagonal elements of the adjoint field must be equal to a flavor mass m i (the color-flavor locking case) or to a root a j of W ′ . There can also be some degeneracy in the eigenvalues. A generic solution is
The adjoint field breaks the gauge group to
The quarks locked to the adjoint field are effectively massless and condense after the perturbation of W (Φ). The quark condensate W ′ (m i ) breaks the residual gauge groups n f i=1 U(r i ). In the low-energy, we are thus left with a k j=1 U(n j ) super-Yang-Mills theory without quarks. In the case of coincidence, we have to consider also another possibility; the previous analysis is not exhaustive. We call h the number of coincidences. So we choose the last h roots of W ′ to be equal to the last h masses
The other roots a j for j = 1, . . . , k − h and the other masses m i for i = 1, . . . , n f − h are generic (no coincidence). Now the eigenvalues of φ can be equal to some s l with l = 1, . . . , h, or to a j with j = 1, . . . , k − h or to m i with i = 1, . . . , n f − h. The generic structure is thus 8) and the gauge group is broken as
The various residual gauge groups have different fate according to the three cases. In the first case, we have at low energy U(n l ) SQCD with a certain number of massless flavors. The second case leaves U(n j ) pure SYM, which has n j discrete supersymmetric vacua where the gauge group is in the confinement phase. In the third case, the quarks acquire an expectation value QQ = W ′ (m i ). The gauge group is thus in the Higgs phase. The fact that the first case has a completely different phase structure is an indication that the coincidence we talking about should be taken quantum mechanically seriously.
We now break to N = 1 supersymmetry by turning on a bare mass µ for the adjoint superfield Φ. In the microscopic theory, this corresponds to an N = 1 theory with a superpotential
For µ ≫ Λ N = 2 we can integrate Φ out in a weak-coupling approximation, obtaining an effective quartic superpotential
Classically, in the limit µ→∞ this superpotential becomes negligible, and we find N = 1 U(n c ) super-QCD with n f flavors and no superpotential. Quantum mechanically, we cannot say that since (3.11) is a relevant operator and in general, as we shall see more in detail, makes the theory to flow away from the right coincidence point.
Pure N = 1 SQCD has no adjoint field Φ, and the Lagrangian is
Fields and charges are given in Table 2 . Note that now the non-Abelian flavor symmetry is enhanced to SU(n f ) L × SU(n f ) R . Left and right quarks can be rotated independently.
The running of the non-Abelian gauge coupling, due to the absence of the field φ, is now a little bit faster 1 e 2
The U(1) R symmetry is anomalous and broken to Z 3nc−n f . The matching of the dynamical scales between the N = 2 and the N = 1 theory is given by Λ
This can be inferred by the running of the coupling constants and by the U(1) R anomaly charges.
* * *
In the next subsection we review some basic information that shall be needed in the rest of the paper. In Subsection 3.1, we introduce the moduli space, and in particular the Higgs branches for the various theories. In Subsection 3.2, we recall the Seiberg-Witten solution for the dynamic on Coulomb branch. In Subsection 3.3, we describe the particular case of the r vacua and the formula for the quark condensate.
Moduli Space
The moduli space of vacua is defined by the D-term equations 15) and the F -term equations
From now on, we shall choose all the masses m i to be equal to zero.
The moduli space can be divided into two different branches. The first is the Coulomb branch where the quarks condensate vanishes and the gauge group preserves its rank. From the first of (3.15), it follows that the adjoint field φ can be diagonalized by a gauge transformation. The Coulomb branch has complex dimension n c and can be parameterized by the gauge invariant coordinates
The Coulomb branch is a Kahler manifold and develops singularities where some particles, vector multiplets or matter hypermultiplets, become massless. The metric is modified by quantum correction, and the solution is encoded in the Seiberg-Witten curve.
Higgs branches are conic hyper-Kahler manifolds that develop from some of the singularities of the Coulomb branch where two or more flavors of quarks become massless. Two are the important properties of the Higgs branches: 1) the metric does not have any dependence on φ; 2) the metric does not receive quantum corrections. Quantum corrections can only change the point on the Coulomb branch where the Higgs branch develops and the pattern of intersections between the various branches; they cannot modify the Higgs branch itself [1] .
There is no baryonic branch since we are working in U(n c ) rather than SU(n c ). There are non-baryonic branches and they develop where
After a gauge and flavor rotation, the quarks can be brought in the form
where r ≤ [n f /2]. These non-baryonic r branches are the ones that develop from the sub-manifold (3.18) of the Coulomb branch. The r Higgs branch preserves a U(n f − r) subgroup of the flavor symmetry. Part of the flat directions of the Higgs branch are given by the Goldstone bosons of the broken global symmetries. The complex dimension of the branch is 2r(n f − r). Note that a Higgs branch can contain, as a sub-manifold, all the other branches with smaller r.
For the moduli space of pure N = 1 super-QCD, there is only the D-term
Up to gauge and global transformation, the quarks can be brought in the form 5
The complex dimension is 2n c n f − n 2 c . Note that now there is also a baryonic branch that was absent in the N = 2 case.
As in the Abelian case, we can break N = 2 with a mass term µTr Φ 2 /2 and flow from N = 2 to pure N = 1. So to summarize here what happens, this time only classically, to the moduli space;
• The N = 2 theory has a Coulomb branch with complex dimension n c and an equal number of massless vector multiplets. Non-baryonic Higgs branches labeled by r develop from singularities of the Coulomb branch. They are hyper-Kahler manifolds.
In particular at the origin φ = 0, the maximal Higgs branch r = [n f /2] develops. It is given by the quark expectation values q and q, minus the F φ conditions, divided by the complexified gauge group G c
The quaternionic dimension of the maximal Higgs branch
• The mass term µTr Φ 2 /2 in the superpotential lifts all the Coulomb branch with the exception of the origin Φ = 0 and the maximal Higgs branch attached to it.
• At µ → ∞ the F φ conditions loses its effectiveness. The Higgs branch is thus parameterized by
The Higgs branch is enhanced to the 2n c n f − n 2 c complex dimensional space. We thus smoothly recover the moduli space of pure N = 1 SQCD.
Quantum Dynamics on the Coulomb Branch
We now recall some basic properties of the quantum solution of the Coulomb branch given by the Seiberg-Witten curve [8] . First we consider SU(n c ) with n f flavors. The curve Σ N = 2 is the Riemann surface
double cover of the z plane with genus g = n c − 1. At low energy, one has n c − 1 U(1) gauge multiplets, and we call their scalar components a i , where i = 1, . . . , n c − 1. The moduli space is a n c − 1 dimensional complex manifold M SU(nc) , parameterized by the gauge invariant coordinates u j given in (3.17) . The SW solution is expressed as the function of the coordinates s k 6 given by
Since Σ N = 2 is a genus n c − 1 Riemann surface, we can choose n c − 1 independents holomorphic differentials:
Each a i corresponds to an α i cycle on Σ N =2 , while its dual a Dj corresponds to a β j cycle chosen in such a way that the intersection is α i , β j = δ ij . The SW solution is given by the period integrals
Now we study the U(n c ) theory with n f flavors, and we will see that the solution can be easily incorporated into the previous ones, with a few modifications. The low-energy theory has one more U(1) factor that comes from the decomposition U(n c ) = SU(n c ) × U(1)/Z nc , and we denote its scalar component with a nc . This factor has no strong dynamics: in the n f = 0 case, it is completely free, while in the n f = 0 case, it is infrared free. The moduli space M U(nc ) has one dimension more and is parameterized by u 1 in (3.17). The Riemann surface is the same given in (3.24), but here φ can have non-zero trace and Σ N = 2 also depends on the modulus u 1 . To complete our task, we must find the cycle α nc that corresponds to a nc and the differential λ 1 that corresponds to s 1 . The cycle α nc is the one that encircles all the cuts in the z plane. Note that this is a trivial cycle, and only a meromorphic differential can be different from zero when it is integrated around it. The differential that corresponds to
and is meromorphic because it has a pole at ∞. With these modifications, the solution is encoded in (3.28). The U(n c ) theory can also be considered as part of a bigger, asymptotically free gauge theory. For example, we can take a SU(n c + 1) N = 2 and break it to SU(n c ) × U(1)/Z nc at a certain energy scale. This can be achieved simply by choosing one diagonal element of φ very distant from the others and fix it. We have thus a sub-manifold of the SU(n c + 1) moduli space, which is exactly like the one of U(n c ). What we achieve with this is that 6 The relationship between uj and s k , important in what follows, is encoded in a single one:
, whereby ( )+ we mean that we discard the negative power expansion.
now we can display also the magnetic cycle β nc . This is important if we want to compute the monodromies around the singularities and consequently the charges of the massless hypermultiplets on these singularities. We shall use this trick in the next section.
Classical and Quantum r Vacua
We now review the physics of color-flavor locked vacua or, as we like to call them, r vacua. The adjoint field φ has r cl diagonal elements locked to the hypermultiplet mass m
and the remaining diagonal blocks are divided between the roots of W ′ and k j=1 n j +r cl = n c . We use r cl to denote the classical value and 0 ≤ r cl ≤ n f . The gauge group is broken by φ down to U(r) × k j=1 U(n j ). If r colors and flavors are locked at the same eigenvalue, then in the low energy we also have a massless hypermultiplet in the fundamental of U(r), that we denote as q. Apart from these perturbative objects, there are also non-Abelian and Abelian monopoles, each carrying magnetic charge under two of the unbroken gauge groups.
The F φ term and the D term together yield the potential for the quark fields
The non-Abelian quarks develop thus a condensate
The non-Abelian group U(r) is Higgsed, non-Abelian vortices are formed, and non-Abelian monopoles confined [17] . Quantum mechanically, is a little bit different. One difference is that in the strong coupling region, where m is of order of the dynamical scale, the massless quarks are continuously transformed into magnetic degrees of freedom, dual-quarks. Another difference is that (3.32) is modified by quantum corrections. We are now going to compute these quantum corrections as in [2] . The quantum parameter r is given by r = min(r cl , n f − r cl ) .
(3.33)
There are various reasons for the ap-SU(n f ) SU(r) U(1) 0 U(1) 1,...,nc−r n f r 1 0 pearance of this mirror symmetry and the quantum parameter r. We saw from the classical discussion of the moduli space that the hyper-Kahler dimension of the r Higgs branch is r(n f − r). The gauge theory is, classically, N = 2 SU(r) with n f quarks.
Only for r ≤ [n f /2], this is not strong in the infrared, and we can conclude that it remains as a low-energy effective description. Branches which classically have r cl greater than [n f /2], quantum mechanically falls into the r vacua classification with r = n f − r cl . The factorization of the Σ N = 2 curve is [9, 10]
It is easy to see, from the curve (3.24), that the factor z 2r can be pulled out only if r ≤ [n f /2]. In the low energy, we have a N = 2 SU(r) × U(1) × U(1) nc−r gauge theory with hypermultiplet D, D with charges given in Table 3 . The low-energy superpotential is
where the effective superpotential that breaks to N = 1 is
We choose a superpotential with k = n c − r, so that all the possible points in the r submanifold can in principle be selected. A's are the chiral superfields of the N = 2 gauge multiplets, A r is one of the SU(r) gauge multiplet, and A 0 is one of the U(1) multiplet coupled to the dual quarks.
To compute the quantum condensate dd, it is more convenient to split the flavors' masses a little bit and use the Abelianized theory so obtained. Then we simply make the limit of coincident masses for the result so obtained. We have r flavors with masses m j with j = 1, . . . , r. In the limit if coincident masses m j → m, ∀j and we recover the r vacuum. The chiral superfields that we previously called A r and A 0 , are now described by r Abelian fields that we denote as A (0,j) with j = 1, . . . , r. Each U(1) (0,j) is locked to one flavor D j , D j . The low-energy superpotential is now
For our computation, we need to consider only the F A terms of the potential:
The first ones give the condensates, while the second gives the stationary condition necessary to compute the position in the moduli space: and the tension vector is
With these conventions, the equation (3.39) becomes
where in the last we have simply multiplied by the inverse matrix. The last version is the one that we shall find more convenient for computing the condensates. Let us begin with the simplest example: the r = 1 vacuum of the (n c , n f ) = (2, 2) theory. The superpotential is quadratic
and the factorization of Σ N = 2 gives
The cycle α 0 is the one that encircles the double roots z = m. The crucial ingredient for the following computation is the residue around the cycle α 0 :
In this case, the relationship between s and u coordinates is: The simple passage of multiplying by the inverse matrix has simplified our work a lot because now (3.49) is expressed as a function of ∂a i /∂u j , known through (3.28). Furthermore, only ∂a 0 /∂u 1,2 , the ones obtained by an integral around the collided roots, are important because the others are multiplied by zero. From (3.49), we need only the second equation
that, using (3.48), gives the condensate
We give another example U(3) with two flavors of mass m 1 and two flavors of mass m 2 (see Figure 5 for the roots and cycles). The superpotential is still (3.43), while the factorization gives Σ N = 2 :
The relationship between s and u in this case is given by (3.46) plus:
By using the trick explained before, we write the last of (3.42) for this particular case   
Now, as in the previous case, we need to calculate only the residues around m 1 and m 2 .
The last equation of (3.54) is
using also the second equation of (3.54). Using
the second equation of (3.54) leads to another independent equation
This equation together with (3.55) are enough to establish the solution
Thus we obtain, in the limit of coincident masses m 1 = m 2 = m, the little formula for the dual-quark condensate
This is the quantum generalization of (3.32). The crucial ingredient for the computation has been the residue around the mass poles. We have for simplicity restricted ourselves to the specific case of n = k = n c − r, but the formula (3.59) still holds in the generic case. We refer to [2] for more details about the derivation. In Section 6, we shall re-derive it a simpler way in the MQCD setup.
The First Examples of Quantum Coincidence
We now describe the first example of coincidence vacua. We begin with the easiest case, n c = 2. After diagonalization, we have φ = diag(φ 1 , φ 2 ). So the gauge invariant coordinates of the moduli space are u 1 = Tr φ = φ 1 + φ 2 and
. (4.1)
8 When we write Λ without any subscript, we always mean ΛN = 2 .
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The last passage can be done only for n f even. We start now with the specific case of n f = 2. Thanks to the factorization (4.1), we can now can explicitly compute the four roots of the polynomial. We call them z 
It is good to begin to study the problem in different sections of the moduli space. First, at Tr φ = 0, where it corresponds to the SU(2) moduli space. The curve is
There are two singular points. One is u 2 = 0 where z (Figure 7) . This is the root of the r = 0 branch (this is what is called "root of the baryonic branch" in [1] ). Note that the singularity is doubled, and looking at the complete moduli space, it will be clear why. Now we take a section where Tr φ = M ≫ Λ. One singularity is at φ = diag(0, M ), where one quark becomes massless. It corresponds to u 2 = M 2 . The curve is
The other singularities are "near" φ = diag(M/2, M/2) and are strong coupling singularities of a pure SU(2) gauge theory. They correspond to, respectively, to the coincidence of z We can now draw a picture with the singularities (Figure 8 ). The space u 1 , u 2 is two complex dimensional. Singularities are one complex dimensional surfaces, objects of co-dimension one, where two roots of the SW curve coincide. We draw only three real dimensions, the plane u 2 and the real part of u 1 . In this plot, the singularities are lines (real co-dimension two). The three singular curves are
There are three special points where the curves intersect, and there are more coincidences of roots. One has already been discussed and is the root of r = 0 branch at u 1 = 0. The other two special points intersections are at u 1 = ±2Λ and u 2 = 2Λ 2 . Where the curve is
Clearly something special happens in these two singularities (see Figures 9 and 10 for the roots in these vacua). These are the coincidence points. To understand what is happening, it is good to start from the r = 1 vacuum at u 1 = 0 of Figure 6 . Here we have two roots in zero, and they correspond to a massless quark. The other two roots are in ±2Λ. A mass perturbation W = µTr Φ 2 /2 selects this r = 1 vacuum, and the two unpaired roots correspond to the polynomial W ′ (z) 2 + f (z). The splitting is due to the quantum effect of f (z). We can now change the u 1 coordinate, while remaining on the singularity u 2 = u 2 1 /2, and so change the position of the unpaired roots. To achieve this, we can use a generic quadratic superpotential
The parameter α determines the level of u 1 that this superpotential selects. It selects all the maximal singularity points at the level u 1 = α. 9 Changing α, we can thus move along u 1 while staying on the singular lines. In this way, the two unpaired roots change their position while the two at the quark singularity remain fixed. When we reach u 1 = 2Λ, the root z + 2 collides with the quark roots, and thus we have the coincidence point, exactly as was anticipated in Figure 3 . At u 1 = −2Λ is z − 1 that coincides with the quark roots, at u 1 = +2Λ is z + 2 that coincides with the quark roots. So we have that the two superpotentials
select respectively the two coincidence vacua. Now we discuss the low-energy effective action in these various vacua. First the two u 1 = 0 cases. The root of the r = 1 non-baryonic Higgs branch (see Table 4 ) has a flavor doublet D, D (the dual-quark) charged under only one of the U(1)'s factors. The superpotential is
The Higgs branch emanating from it is exactly the non-baryonic branch r = 1.
9 Consider the quark singularity u2 = u 2 1 /2. If we want to select a generic point on this singularity then W = µ(u2 − αu1) = µ(u 2 1 /2 − αu1). The vacuum selected will be thus at u1 = α and u2 = α 2 /2.
This correctly reproduces the r = 1 non-baryonic Higgs branch. The low-energy effective action, after the mass perturbation W = µTr Φ 2 /2, becomes
The dual quark develops a condensate, the U(1) 1 is Higgsed, and the only thing that remains in the infrared is the free U(1) 2 theory. Then we have the r = 0 vacuum whose particles and charges are given in Table 5 . The low-energy effective action is
There is no Higgs branch emanating from it. This point is again selected by W = µTr Φ 2 /2, and the low-energy effective action becomes
Both hypermultiplets condense, and thus we have a mass gap.
We finally come to the coincidence points. In these vacua, mutual non-local particles become massless at the same time. We have to determine exactly the charges of these particles with respect to a common basis (note that the previous two Tables 4 and 5 were not in the same basis). First of all, we choose a basis of cycles as in Figure 11 . Note that we displayed the roots z the r = 1 vacuum. A monodromy around the (4.6) singularity gives the charge of the dual quark D, D: a doublet of the flavor group and electrically charged under the U(1) 1 . To get the charge of the other massless particle, we compute the monodromy around the singularity (4.5). Choosing the vector of cycles like (α 1 , α 2 |β 1 , β 2 ), the monodromy is This particle, which we call B, is a singlet with respect to the color, magnetically charged with respect to U(1) 1 , and electrically charged with respect to U(1) 2 (see Table 6 ). This is nothing but one of the two particles of Table 5 that are massless in the r = 0 vacuum. But due to the change of basis, it is now a magnetic object. This is a particular kind of Argyres-Douglas singularity [11, 12, 13] . The low-energy dynamics consists of a non-local, strongly interacting superconformal field theory. The superpotentials (4.9) select, respectively, these two coincidence points breaking N = 2 down to N = 1. No condensate is developed, and this means that the theory in the infrared still remains superconformal. 10 Our claim is that in these points there is an interpolation between N = 2 super-QCD and pure N = 1 super-QCD. We shall come back at the end of the next section, after the generalization to arbitrary n c , n f , for the discussion and interpretation of this important issue. For the moment, let us keep in mind the lessons that we learn from this example:
• We have 2n c − n f (2 in this case) coincidence points symmetric under the Z 2nc−n f remnant of the U(1) R symmetry.
• The coincidence vacua lie at the intersections between the r vacua singularities.
• Mutual non-local particles become massless in these vacua. They are particular cases of Argyres-Douglas singularities.
Let us now consider a few more specific examples.
* * *
Another example is still n c = 2 but now with n f = 3. This belongs to a special class n f = 2n c − 1. The number 2n c − n f is particularly important due to the discrete R symmetry. The number of coincidence points is in fact equal to 2n c − n f since they spontaneously break this discrete symmetry. The previous example had two coincidence points. This example has only one coincidence point, and it lies in the u 1 = 0 section of the moduli space. The SW curve is
Now we cannot use the last passage of (4.1) and there is no easy expression for the roots. But the maximal singularity is nevertheless easy to detect. The singularity is only one and is in the center of the moduli space at u 1 = 0, u 2 = 0. The curve factorizes as
So in this case the classical notion of the origin of the moduli space persists. It can be seen that of three singularities of co-dimension two meet at this point. The superpotential that leaves this point is simply W (Φ) = µTr Φ 2 /2.
Another fully computable example, with different 2n c − n f from the previous ones, is n c = 4, and n f = 4. Now 2n c − n f = 4 and we expect four coincidence points. The non-baryonic branch with r = 2 has the following curve
The four extra-roots are
Two must collide, and one of the other two, the split ones, must be at the mass value zero. One choice is
whose solution is u 1 = ±4Λ and u 2 = 6Λ 2 . The other is
whose solution is u 1 = ±i4Λ and u 2 = −6Λ 2 . We thus find exactly four points as expected. They are related by the Z 2nc−n f symmetry, which in this case is Z 4 . Again, with these four points, there is a collision with the four singularity (r = 0, 1, 2) that departs from u 1 = 0. The superpotentials
select the four coincidence vacua. 11 For the case u 1 = 4Λ, and u 2 = 6Λ 2 , the roots are all real, and the factorization of the curve is
Note that 2 = 4 cos π 4
2 . We keep in mind this for the generalization we are going to do in the coming section.
General Case
We now consider the case of generic n c and n f . The Seiberg-Witten curve is
where we have defined for convenience the polynomial P (nc,n f ) (z). The quark singularities are labeled by an integer r that runs from n c to [n f /2]. Along these singular sub-manifolds, the curve has a 2r zero at the hypermultiplet mass. We consider m = 0 here for simplicity. The curve is thus factorized as follows
where what remains is the curve for a gauge group n c − r and n f − 2r flavors. The adjoint scalar is φ = diag(0, . . . , 0, φ r+1 , . . . , φ nc ), (5.3) where the first r diagonal elements are locked to the mass m = 0 and the other n c − r coordinates span the singular sub-manifold of the Coulomb branch. This manifold is a root of a r non-baryonic Higgs branch.
11 Consider the singularity u2 = u Let's consider, to begin with, the maximal case r = [n f /2]. Let us restrict also for simplicity to the case n f even. Along this n f /2 sub-manifold, the SW curve is factorized as follows
What remains after extracting the z n f factor is the curve of pure U(n c − n f /2) without matter fields. The maximal singularity points for P (nc−n f /2,0) (z) are given by the solution of Douglas and Shenker [15] . There are n c − n f /2 of these maximal singularity points. They arise when the n c − n f /2 cuts are lined up, and all the roots, apart from two of them, are doubled. The simplest solution is when all the roots are on the real axis. The others are related by a exp 2πik 2nc−n f transformation. In the real, case we have φ = diag(φ 1 , . . . , φ nc−n f /2 ) and φ j = 2Λ cos π(j−1/2) nc−n f /2 . The curve factorization is obtained by using properties of the Chebyshev polynomials:
In order to factorize the curve, we have used the important identity
The Douglas-Shenker solution provides the exact position of the maximal singularities where all the U(1) low-energy factors have their own monopole (or dyon) massless. These discrete vacua are the ones that are selected by the mass perturbation in the superpotential. The case of r = n f /2 is particularly simple due to the existence of this exact analytic solution. The Douglas-Shenker solution will become particularly useful at the end of the section when we shall describe the exact location of the coincidence points. Now let us describe the low-energy dynamics in a generic r vacuum. We already said that the curve factorizes like Eq.(5.2) in a sub-manifold of the Coulomb branch of dimension n c − r. An SU(r) × U(1) 0 gauge group with n f flavors in the fundamental representation survives in the low-energy spectrum. The non-Abelian gauge group is infrared free if the condition r < n f /2 is satisfied. It becomes superconformal for the maximal case r = n f /2. The other n c − r dimensions of the Coulomb branch represent U(1) j vector multiplets with j that runs from 1 to n c − r . We are then interested in the points of maximal singularity where all the U(1) gauge groups, except one of them, have their own massless hypermultiplet. In these discrete points, the low-energy physics can thus be summarized in Table 7 containing the gauge groups and corresponding charged hypermultiplets where we have chosen a convenient basis for the cycles in the SW curve so that the charges are all diagonal. It is easy to check that the Higgs branch emanating from this special vacuum is
E nc−r−1 1 Table 7 : Low-energy particles and charges in a generic r vacuum with n c < r
identical to the baryonic Higgs branch determined in the classical theory. These r vacua, where all the particles can be put in a diagonal and local form, are the complete list of the critical points located at u 1 = 0 that survive after the perturbation by a mass term µTr Φ 2 /2. Let us call A r the adjoint chiral superfield of the N = 2 SU(r) vector multiplet, A j with j = 0, . . . , n c − r the real chiral superfield for the U(1) j vector multiplets, and D, D, E j , E j the chiral superfields of the matter hypermultiplets. The N = 2 low-energy Lagrangian simply follows from the information provided in Table 7 . After breaking to N = 1 with the mass term µTr Φ 2 /2 in the microscopic theory, the low-energy effective superpotential is
All the matter fields DD and E j E j acquire a condensate due to the vanishing condition for the corresponding F Ar and F A j terms. All the gauge groups, except from the last one U(1) nc−r , are then Higgsed at an energy scale ∼ √ µΛ. The theory in the IR thus loses completely the information about the non-Abelian nature of the microscopic theory. We now come to the minimal case when r = n c . It is better to consider this case separately due to some peculiarities that shall soon be evident. The curve in the r = n c sub-manifold factorizes like
What emerges is the curve for gauge group U(2n c − n f ) with a number of flavors 2n c − n f . There is now a particularly nice solution for the points of maximal singularity. They actually consist of a single vacuum, that is invariant under the Z 2nc−n f symmetry of the theory. The location of this point is given by
where ω 2nc−n f is the (2n c − n f )'th root of unity. The factorization of the curve is given by the following algebraic steps
Note the peculiarity that all the roots are now doubled. That is what makes the n c vacuum different from the other generic r vacua. Away from u 1 = 0, the singularity splints into 2n c − n f different branches. As an example, consider 2n c − n f = 2 where two lines depart from the n c vacuum as in Figure 8 . The r = n c maximal critical point, called the root of the baryonic branch in [1] 12 , is a single point, invariant under the discrete global Z 2nc−n f symmetry of the theory (the anomaly-free part of the classical U(1) R-symmetry). The peculiarity with respect to the previously discussed r vacua is that now there is an extra degeneracy. The curve given by (5.8) and (5.10) has in fact no unpaired roots. This means that now every U(1) factor in the low energy has its own low-energy massless hypermultiplet. Table 7 must now be supplemented with an additional hypermultiplet. By an appropriate choice of basis for the U(1)'s, the charges can be taken to be as in Table 8 . 13 Table 8 : Low-energy particles and charges in the r = n c vacuum.
Now let us examine the breaking of the effective theory at the n c singular point. In this case, the superpotential is
The important difference with the generic r vacua is that now there is an hypermultiplet E j for each U(1) and the dual-quarks D, D are now relieved from the duty of condensation. The role of W ′2 + f is now played by two roots in zero. All the U(1) factors are then Higgsed and can be integrated out. The low-energy theory is thus a non-Abelian SU( n c ) gauge theory with the effective superpotential
A r is also massive and can be integrated out. We are thus left with SU( n c ) N = 1 super-QCD with n f flavors.
This cannot be the infrared of pure N = 1 SQCD. According to the Seiberg duality, the IR of pure N = 1 SQCD is described by SU( n c ) gauge theory with n f flavors plus a meson M j i and an opportune superpotential DM D [16] . We have the right gauge group and the right dual-quark, but the meson M j i is missing. Note that A r cannot be identified with the meson of Seiberg duality. First of all, A r has no flavor charge. Second, from (5.12) we can see that it becomes massive after the µ breaking. Thus, it should be integrated out to get the infrared conformal fixed point.
The cases n f = n c + 1 and n f = n c require special attention. In these cases, there is no non-Abelian group SU( n c ). For n f = n c + 1, we can still use Table 8 and just delete the SU( n c ) column. For n f = n f , there is no more a flavor charged particle, and we should also delete the U(1) 0 column and the flavored particle n f × D.
* * * Now we are going to find the general solution for the coincidence vacua. We need to generalize the findings of Section 4. The task seems apparently difficult, but using a trick, and the help of the Doulgas-Shenker solution, we shall find quite easily the general solution. First of all, we have to take a look at the example we already found in the previous section and guess from the particular case. Then we shall prove that the guess is right.
Consider, for the moment, another theory with double the number of colors and flavors
Then take the maximal r = N f /2 vacua for this theory. We already discussed at the beginning of the section the exact solution for maximal r vacua, when the number of flavors is even. The curve is given by 14) and for P (Nc−N f /2,0) (Z) we have the N c − N f /2 Douglas-Shenker solutions, as in (5.5).
We called Φ the adjoint scalar field for the theory (N c , N f ). The Coulomb moduli space has dimension N c and is parameterized by the coordinates
Now note that the roots of the curve (5.15) are symmetric if we exchange j with N c − N f /2 − j and simultaneously the sign of the roots. We can thus combine the roots with the same modulus and opposite sign and rewrite the curve in the following way, for N f /2 odd
and in the following for N f /2 even
(5.18) Note that this looks quite similar to the coincidence points we found in Section 4.
To consolidate this guess, note that for the maximal r = N f /2 vacua we can certainly say that the odd part of the moduli space coordinates vanishes
We can thus focus our attention on the sub-moduli space of U even that has exactly the same dimension of the moduli space for the (n c , n f ) theory. We finally make the following mapping between the (N c , N f ) theory and the original (n c , n f ):
And between the moduli spaces:
Now is just a matter of rewriting (5.17) and (5.18) with the new coordinates, and we get the following factorization of the SW curve
This is the coincidence vacuum we were looking for. This is valid for both n f even or odd. At the end, everything still follows from the identity (5.6). 14 We thus have the expected solution with 2[n f /2] + 1 roots in zeros and all the others, except one, doubled. The coordinate Tr φ of this coincidence vacuum is given by
with the exception u 1 = 0 for 2n c − n f = 1. The coordinate Tr φ 2 /2 of this coincidence vacuum is given by
24) 14 The use of the theory (Nc, N f ) has been only a mathematical trick to get the solution for the coincidence vacua passing through Douglas-Shenker. But maybe there is something physical behind this bigger theory. To pursue this idea, certainly a cubic superpotential should be used.
with the exceptions u 2 = 0, 2 for 2n c − n f = 1, 2. The other coincidence vacua are just obtained with a Z 2nc−n f ∈ U(1) R transformation. To select these vacua, we need then to use the following superpotential
where the index k corresponds to the various coincidence vacua. As in the n c = 2, n f = 2 example, the macroscopic dynamic in these coincidence points is a non-local superconformal field theory. We are also now ready to understand the multiple collision anticipated in Figure 4 . At the level Tr φ = 0 of the moduli space, there are multiple discrete r vacua where the curve is factorized similar to Eq. (5.2), and the residual part P (nc−r,n f −2r) (z) is further factorized so that all roots are doubled with the exception of two of them. These two unpaired roots correspond the roots of W ′ (z) 2 , split by the quantum effect of the polynomial f (z). We want to start from any one of these r vacua and leave the u 1 = 0 plane, but remaining in this maximal singularity sub-manifold (that is, all the roots paired except two of them). One complex parameter, u 1 , can thus be adjusted in order to bring one of the unpaired roots anywhere we want in the complex plane. To have a coincidence, we need one of these unpaired roots to collide with the bunch of zeros z 2r representing the quark singularity. So it seems that starting from any one of the r vacua, and tuning the coordinate u 1 , we can create a different coincidence vacuum. The fact is that they all end up in the same coincidence point, as described by Figure 4 . The reason is the following: an odd number of zeros r 2h+1 is not possible unless h = [n f /2]. That means that if we start from any r vacuum and we tune u 1 to bring an extra root in zero, that automatically brings other [n f /2] − r couples of roots also in zero. This is exactly what happens in Figure 8 for (n c , n f ) = (2, 2).
Let us check the previous claim. In the generic r singularity, the curve factorizes as
It is clear that, if n f − 2r > 1, is not possible to bring another unpaired root in zero. Since P nc−r (z) 2 should also vanish, they always come in pairs. When n f − 2r = 0 or n f − 2r = 1, it then is possible to bring a single unpaired root in zero. We can understand better the intersections of the r branches by considering only the minimal n c and the maximal [n f /2]. Consider also for simplicity n f even. We have one n c singularity, that is, the intersection of 2n c − n f different singularity co-dimension two surfaces at the level u 1 = 0. Then the maximal r = n f /2 non-baryonic roots, which are n c − n f /2 vacua previously described. Each one of the n c − n f /2 roots collide with two of the surfaces emanating from the baryonic branch. For example in the n c , n f = 2, 2 case the singularity that departs from the r = 1 vacuum intersects with the two singularities that depart from the r = 0 vacuum (Figure 8 ). The same thing happens in the general case. Every singularity that departs from an n f /2 vacuum (there are n c − n f /2 of them) intersects with two singularities of the 2n c − n f that depart from the n c vacuum.
So we can finally try to summarize and conjecture how the pure N = 1 super-QCD emerges from these coincidence points. We can consider the simplest example where n f = 2n c − 2. In this case, we have only two vacua at u 1 = 0: the n c vacuum and the [n f /2] vacuum. The situation is completely analogous to the example n c = n f = 2 discussed in Section 4. We can thus refer to Figure 8 to understand what is happening. The n c vacuum has low-energy dynamics summarized in Table 8 while the [n f /2] vacuum is summarized in Table 7 . The two non-Abelian multiplets are non-local between them. Let's use D, D to denote the n c dual-quark and Q, Q to denote the [n f /2] low-energy hypermultiplet. We can suspect that in the µ → ∞ limit the Q and Q condense, forming a mesonic bound state M = QQ. This is now local with the dual quarks D and D. This is probably the way Seiberg duality is obtained in the µ → ∞ limit.
It is good to add more comments about this last, crucial point. The infrared theory at the coincidence point is a superconformal fixed point where many non-local degrees of freedom are entangled together. Since it is not possible to write an effective local Lagrangian, the study of this theory becomes difficult. Our approach has been to consider the theory at the various r vacua, where a low-energy description is available, and progressively move toward this coincidence point. In these r vacua, there is a N = 2, SU(r) × U(1) 0 gauge theory with a dual-quark in the fundamental of flavor n f and in the fundamental of gauge n f . The beta function for the non-Abelian gauge coupling is proportional to 2r − n f . This is always infrared free (except for the case the maximal branch r = n f /2 when n f even). The lowest case r = n c and the maximal case r = [n f /2] are particularly important. As we already mentioned, the first one provides the SU( n c ) and the dual-quarks D, D, which are essential degrees of freedom in the Seiberg duality. The last r = [n f /2] is also important because it gives the maximal non-baryonic branch r = [n f /2], which is crucial if we want to recover N = 1 SQCD in the µ → ∞ limit. Note that the beta functions for the SU( n c ) and SU([n f /2]) are, respectively, the lowest and the highest.
When the various r vacua collide in the coincidence point, all the degrees of freedom are merged in this superconformal field theory. We cannot write an explicit theory since they are mutually non-local. But we can nevertheless say that these degrees of freedom are there. The weakest SU( n c ) and the strongest SU([n f /2]) play an essential role. As we break N = 2 with the opportune superpotential (5.25), we select this coincidence point, and we give mass to all the adjoint scalar fields A r . The dual-quarks do not condense, and so there is no Higgs effect. In the µ → ∞, we have to compute again the beta functions that are now 3r − n f . In the maximal case, the beta function is proportional to 3[n f /2] − n f and is now strong in the infrared. It is the strongest one among the various r. This supports the previous claim that the dual-quarks of the maximal branch condense and provide the meson M j i = Q i Q j , essential in the Seiberg dual theory. For n f = n c + 1 and n f = n c , there is no non-Abelian group SU( n c ). But still the minimal r vacuum (r = 1 for the first case and r = 0 for the second) provides an essential ingredient for the phase of low-energy N = 1 SQCD: the baryon. In the n f = n c + 1, it is fundamental in flavor (see Table 8 without the SU( n c ) column) while for the n c = n f case is flavor neutral (see Table 8 without the SU( n c ) and U(1) 0 columns). So the minimal r = 1, 0 vacuum provides the baryon while the maximal r = [n f /2] vacuum provides the meson.
MQCD
Super-QCD can be implemented Figure 12 : Classical brane configuration whose low energy spectrum in R 3,1 coincide with super-QCD.
as a low-energy theory of certain brane setup configurations. A well-known approach consists of taking type IIA string theory and a set of orthogonal NS5 and D4 branes. Using the common convections, we have the displacement of branes summarized in Table 9 and Figure 12 . This is just the classical configuration. Taking into account the string coupling effects, the NS5 branes are logarithmically bended due to the pulling of the D4 branes. This log-bending corresponds to the running of the coupling constant in the four-dimensional, low-energy action. Other strong coupling effects are related to the junctions between the D4 branes and the NS5 branes. A way to resolve these singularities provides a window into the strong coupling of the four-dimensional theory. One way to study non-perturbative effects is to lift type IIA string theory to M-theory [18, 19] . Now the D4 and NS5 branes are all described by the same object, an M5 brane. The embedding of the M5 brane is related to the Seiberg-Witten curve and the factorization equation in the N = 1 case. We thus obtain a beautiful geometric interpretation of many field theoretical quantities, mostly the chiral and topological ones. The goal for this section is to describe the r vacua and the coincidence vacua in the MQCD framework. The MQCD curve shall provide further evidence for why the coincidence points are so special.
After the M-theory lifting, the internal space is now Y = R 6 × S 1 , which we parameterize with three complex coordinates v, w and s, and one real coordinate x 7 . v, w and x 7 parameterize the R 5 ⊂ R 6 × S 1 while the complex coordinate s = x 6 + ix 10 parameterizes the remaining R × S 1 . x 10 is a periodic coordinate parameterizing the M-theory circle. Weakly coupled type IIA string is recovered when the compactification radius is very small. We define the exponential mapping t = exp(s), which is valued in C * . The brane setup of Figure 12 , now becomes a unique M5 brane extended along R 3,1 times a Riemann surface Σ embedded in Y . This embedding Σ ⊂ Y contains some crucial information about the quantum field theory of interest. The surface Σ is what finally is related to the Seiberg-Witten data of the original QFT (we have to use the change of coordinates t = y + P nc (v)). In the N = 2 case, the M5 brane embedding is the algebraic surface by the equations
combined with w = 0. The solutions to this equation are
In the square root, we have exactly the Seiberg-Witten curve. These two branches correspond, asymptotically, to the two NS5 branes. The Riemann surface Σ is thus a double cover of the v plane. The solutions at v → ∞ are
and correspond to the NS5 and NS5 ′ branes. The flavor branes correspond to an expansion around zero. In a generic point of the moduli space, where P nc (0) = 0, the flavor brane is attached to the second sheet
These correspond to the n f flavor D4 branes attached to the NS5 ′ brane. So far for the N = 2 theory. The breaking to N = 1 by mean of the superpotential Tr W (Φ), correspond in this setting to a deformation of the NS5 ′ brane into the w plane [20] . From the MQCD perspective, we have to supplement Eq. (6.1) with a second equation that provides the information about the embedding in the w plane
where the polynomial f (v) captures the quantum corrections to the superpotential. The two branches of the solutions are
Classically, without f (v), we have w = 0 that corresponds to the NS5 brane and w = 2W ′ (v) that corresponds to the NS5 ′ brane deformation in the w plane. Without the superpotential the N = 2, curve (6.1) enjoys a moduli space of the solutions parameterized by the n c coefficients contained in the polynomial P nc (v). But things are more complicated when a superpotential is introduced and we have to deal also with Eq. (6.5). The equations (6.2) and (6.6) are both two branches that cover the v plane. Passages from one branch to another are determined by what is inside the square root: the Seiberg-Witten curve in the first case and the N = 1 curve in the second. For a generic value of P nc , we have a total of four branches connected together. So nothing that resembles the classical picture. Only for a particular discrete set of solutions, exactly when the factorization (1.2) is satisfied, can we separate the four branches into two disconnected parts: t 1 , w 1 together with t 2 , w 2 , and t 1 , w 2 together with t 2 , w 1 . And this is the MQCD explanation for the N = 1 factorization of the Seiberg-Witten curve.
For the generic r vacuum, the curve is given by
Flavor branes are separated into two groups of r and n f −r units (see Figure 13 ). These two correspond to two different spikes of the M5 brane separated in the w plane by a distance W ′ (m) 2 + f (m) (remember the two solutions in Eq. (6.6)). This in fact corresponds to the dual-quark condensate (3.59). The r = n c branch is an exception. Now the curve is given by
In this case, there is an extra massless particle, and the MQCD becomes divided into two distinct pieces. The two planes meet only at x 6 → ∞. The reason can be seen from the factorization of the SW curve (5.10). All the roots are now paired and positioned at Λω
. The cuts are in a closed polygonal shape with 2n c − n f sides; they topologically separate the interior and the exterior of the polygon in the complex v plane. A spike corresponding to n f − n c D4 branes departs from the NS5 ′ branes and joins at x 6 → ∞ with a spike of n c D4 branes departed from the left NS5 branes (see Figure 14) . There is no asymptotic separation in the w plane and that means no condensation of the dual quark. Note also that the topology of the curve is different. It consists of two disconnected pieces that join only at x 6 → ∞ (see Figure 14) .
We have thus seen that none of the singularities at Tr φ = 0 have the right MQCD curve to describe N = 1 SQCD at µ → ∞. In all cases, there is a mass gap and nothing in the low energy. In the baryonic root, the quarks have zero expectation value, but the topology of the curve is changed. The coincidence points are instead very special. The condensate of the quark is zero, and there is no change of topology. The curve is given by
Good things happen in this circumstance. First of all, the flavor branes correspond to a unique spike of the M5 brane. There is no asymptotic separation in the w plane and that means no condensation. Furthermore, despite what happened for the n c vacuum, the Riemann surface preserves its topology. The curve is still a double cover of the v plane ( Figure 15 ).
Conclusion
In the paper, we addressed a problem of extended supersymmetry breaking, from N = 2 to N = 1. Generically, this is achieved by giving a mass term to the adjoint scalar field φ of the N = 2 gauge supermultiplet. Classically, this works perfectly fine, with or without matter hypermultiplets. When quarks fields are present, some of the flat directions of the N = 1 theory are already present in the N = 2 theory. Others are recovered as pseudo-moduli with mass proportional to ∝ 1/µ, that become massless in the µ → ∞ limit. In quantum theory, there are new subtleties that spoil this breaking pattern. First of all, the notion of the origin of the moduli space does not hold anymore. What was the classical origin of the moduli space is in some sense split into various vacua labeled by an integer r. A mass term for the adjoint scalar field φ selects any one of these vacua, but none of them, in the µ → ∞ limit, flows exactly to pure N = 1 super-QCD.
The reason is quantum mechanical and must be traced back to the operator that is generated after integrating out the field φ. This operator
looks apparently harmless. Since it is proportional to 1/µ, we would be tempted to conclude that its effects become negligible in the µ → ∞ limit. But quantum mechanically it leads to an operator of dimension d generally smaller than three. In N = 1 SQCD, the dimension of the meson operator is D( QQ) = 3R ′ ( QQ)/2 = 3(n f − n c )/n f . So (7.1) leads generally to an operator of dimension
for very large µ. For n f = 2n c this is exactly marginal. 15 It is thus a relevant operator, and it grows as (ǫ/ǫ 0 ) d−3 as the energy scale of the renormalization group flow ǫ goes to zero. No matter how small the coefficient in front of it is, it will always blow up for sufficiently small energies of the RG flow and force the theory to flow to another IR fixed point. Most of the time, like in the cases n c < r ≤ [n f /2], the theory flows to nothing, and there is a mass gap for the gauge degrees of freedom. There is a special case, the minimal value r = n c , where the theory flows to SU( n c ) with n f dual-quarks D, D. Although very near to what we should expect in pure N = 1 SQCD, still there is a missing piece: the meson M j i and its superpotential interaction with D, D. We can interpret this missing piece as damage still caused by the relevant operator (7.1). We can thus conclude that for generic SU(n c ) SQCD there is no possibility to flow exactly from N = 2 to N = 1 (Figure 16 ).
But the classical analysis comes back as a source of inspiration. As we saw from the prototype model, super-QED with hypermultiplets of mass m and superpotential W (φ), and the classical theories have a large spectrum of vacua, and a few of them, in general, flow to pure N = 1 super-QED as the superpotential goes to infinity. There are Coulomb vacua where φ is equal to the root of the superpotential and the quarks are massive. There are gauge-flavor locked vacua where φ is locked to some quark mass and the gauge group is broken by the quark condensate W ′ (m). Finally, there are the "coincidence" vacua that arise under the very particular circumstance in which a root a of W ′ precisely coincides with a hypermultiplet mass m. Choosing φ = m = a, we get a particular vacuum in which the quarks are massless, but they do not condense. These are the right vacua in which to flow from N = 2 to N = 1 super-QED with massless quarks.
Returning to the non-Abelian case, we thus decided to extend the space of interest from SU(n c ) to U(n c ). U(n c ) N = 2 super-QCD has, with respect to SU(n c ), one dimension more in the Coulomb moduli space given by the coordinate u 1 = Tr φ. This extra dimension is crucial. The quantum effects, as already said, erase the notion of the origin of the moduli space and split it into various r vacua (in the Tr φ = 0 section). None of these vacua can be considered as the right generalization of the classical notion of coincidence vacua. None flows to N = 1 super-QCD after the mass breaking term is sent to infinity. But extending the search to the u 1 dimension we find a nice surprise. We find 2n c − n f points that, by all rights, can be considered as the quantum generalization of the classical notion of coincidence vacua. With a suitable superpotential
we can select any one of these vacua. And each one is a good coincidence point. The statement is thus that these coincidence points are the right ones to flow from N = 2 super-QCD to N = 1 super-QCD. They are the points in which the effects of the relevant operator (7.1) are minimized and the theory flows as close as possible to N = 1 super-QCD. Let us summarize the arguments we presented in the paper.
• The formula for the quark condensate,∝ W ′ (m) 2 + f (m), is the starting point in the search for the generalization of the classical notion of coincidence. Quantum mechanically, the roots of W ′ (z) 2 are in general split by the polynomial f (z). For the quark condensate to vanish, we need to send one of these roots near the bunch of zeros at the mass m. This guiding principle gives us the location of the coincidence points and the factorization of the Seiberg-Witten curve in these vacua.
• Having done this, we achieve also another, a priori not required, result. These coincidence points are located at the intersection between singularities that depart from all the r vacua, from n c to [n f /2] (the collision of Figure 4 ). We thus recover the notion of the origin of the moduli space that in the Tr φ = 0 section of the moduli space was lost. The Higgs branch emanating from these vacua is equal to the maximal non-baryonic branch for r = [n f /2]. But the theory at the root of the branch is much richer than the original r = [n f /2] vacuum at Tr φ = 0. It is a non-local strongly interacting theory, a particular kind of Argyres-Douglas singularity.
• The MQCD approach provides an interesting point of view, giving some geometric intuition about what is going on. The classical brane setup consists of NS5 branes and perpendicular D4 branes. Some quantum effects, such as the Seiberg-Witten curve and the factorization due to the superpotential, can be analyzed by lifting to M-theory where the branes are described by a single M5-brane with a proper embedding in the v, t, w space. In ordinary r vacua, the flavor D4-branes are divided into two sets, r and n f − r, separated by a w distance of W ′ (m) 2 + f (m). This is the signal of quark condensation. For the particular case r = n c , the flavor branes are not separated in the w plane (the quarks do not condense). But in this particular case the M5 brane gets divided into two separated curves that meet only at v → +∞.
Only for the coincidence vacua we have are the quarks D4-branes non-separated and the topology of the curve does not change. This is certainly what is closer to the classical realization of a rotation of the NS5 ′ brane while keeping the D4 gauge and flavor branes all allineated.
• We said that the vacua at u 1 = 0 are not the right coincidence ones because of the relevant operator (7.1). In µ → ∞, the coefficient in front of the operator goes to zero, but the operator itself always goes to infinity for sufficiently small energies of the RG flow. This is a relevant perturbation that makes the theory flow down from the pure N = 1 super-QCD infrared fixed point. In general, we cannot predict where the theory will end, but one thing we can certainly say: it is something smaller than the pure N = 1 vacuum. We should not underestimate this piece of information. The generic r vacua are trivial examples, since the theory flows to nothing. The r = n c is an interesting case. From N = 1 SU( n c ) with n f dual-quarks D, D and the meson M j i (the IR of pure N = 1 SQCD), we flow to the same theory, just without the meson.
The coincidence points, as part of the r = n c singularity, contain the degrees of freedom of the gauge group SU( n c ) and the dual-quark D, D. Since they are also part of the other r singularities, they contain many more degrees of freedom. It is hard to imagine that there is something different where the theory could flow, lower than pure N = 1 and higher than the one at the r = n c vacuum. What is missing is just the meson, and, as we saw, the coincidence vacua are certainly capable of providing it.
The conclusion is that these particular n f < n c µΛ N = 2 −→ ∞ n f = n c µΛ N = 2 −→ Λ 2 N = 1 n f > n c µΛ N = 2 −→ 0 coincidence points should be considered as the quantum analog of coincidence between the hypermultiplet mass and the root of the W ′ . Although the quark condensate vanishes, it is plausible that the Higgs moduli space will be modified by the µΛ N = 2 term. In Table 10 , we have the µΛ N = 2 condensate scales as µ is sent to infinity (remember the relationship (3.14) between the two scales). This is probably related to the fact that the moduli space for N = 1 SQCD is quantum modified for n f = n c and not modified from the classical one for n f > n c . Note that, at the contrary of color-flavor locked vacua, coincidence vacua can also exist for n f < n c . Since the color branes are locked to a root of W ′ , there is no lower bound on the number of flavors we can attach to the color branes. Although we have focused our attention on n f ≥ n c , many things go unchanged for n f smaller. In particular, there are still 2n c − n f coincidence points in the moduli space and their position and curve are still described by the findings of Section 5. It is known that N = 1 SQCD for n f < n c has an instanton generated run-away potential. This could be probably related to the scaling of µΛ N = 2 of Table 10 .
We are left with challenging questions for the future. One question is what happens to the operator (7.1) in the coincidence vacua. Another question regards the µ transition from 0 to ∞. The superconformal field theory at the coincidence vacua is like a boiling soup, with many non-local degrees of freedom. We have conjectured how the dual-quark and the meson of the Seiberg duality emerge out of it in the µ → ∞ limit. Certainly, a more detailed understanding of this transition is needed. In particular, we do not know if, in the IR fixed point, this transition is sharp or if it is a marginal deformation from the superconformal N = 2 to the infrared of the Seiberg duality. The completion of this program should eventually be considered the field theoretical proof of the Seiberg duality that was initiated in [1] .
